In this paper, we describe the manifestation of localized states through coherent and incoherent analyses of a diffuse elastic wavefield inside a two-dimensional metamaterial made of a collection of vertical long beams glued to a thin plate. We demonstrate that localized states arise due to multi-wave interactions at the beamplate attachment when the beams acts as coupled resonators for both compressional and flexural resonances on the metasurface. Due to the low-quality factor compressional resonance of the beams, inside the main bandgap the modal density of the system drops to near a high-quality factor flexural resonance of the beams, and blocks the diffusion process of the wavefield intensity. This experiment physically highlights the tight-binding-like coupling in the localized regime for this two-dimensional metamaterial.
Introduction
In a strongly disordered scattering medium, it is possible to trap waves into energy loops 1 . At the sample size, the trapping induces spatial renormalization of the diffusion coefficient, which highlights the nonconventional transport property of the medium [2] [3] [4] [5] . The diffusion process can then be stopped without the use of absorption, on a length known as the localization length. At a length scale that corresponds to a few scatterers inside the medium, the intensity spatially spreads in a deterministic way, due to interference effects. This phenomenon is known as modal localization, and it is the local elementary block for the global trapping effect of the wavefield intensity.
Recent two-dimensional studies have directly imaged microwave localized modes inside a disordered microwave cavity 6, 7 . In this case, the medium consists of a random distribution of resonant scatterers and has a large frequency bandgap. Around some isolated frequencies, the localized modes are clearly visible and spread according to distances roughly equal to the mean distance between the scatterers.
In this context, so-called locally resonant metamaterials [8] [9] [10] [11] [12] are good candidates for studying the transport phenomena of elastic and nonscalar guided waves. Indeed, the coupling between resonators to a homogeneous substrate degenerates the dispersion relationship and creates bandgaps (i.e., Fano-like resonances), in the same way as for electromagnetic waves. At the bandgap edges, the effective wavenumber is a) martin.lott@univ-grenoble-alpes.fr typically very high, and each resonator acts as a strong scatterer, and deviates the waves for lengths shorter than the wavelength.
In this paper, we revisit the experiment from Rupin et al. 13 , where a two-dimensional cluster of beams attached to a plate was used to create a metasurface. The beams showed both compressional and flexural resonances that were characterized by a low-quality and a high-quality factor, respectively (i.e., wide-spreading vs. narrow resonant peaks). These resonances strongly modify the A 0 flexural Lamb waves of the free plate [14] [15] [16] . In these studies, they showed that large bandgaps are associated with compressional resonances that are contaminated by narrow leakage associated with each flexural resonance. As flexural resonances are coupled to the plate through the bending of the A 0 Lamb mode, changing to a thinner plate enhanced the flexural bandgap leakage 17 . This narrow leakage is a potential candidate for localized modes, because it induces a sharp transition zone inside a frequency band that is dominated by a deficit of wave states (namely, the bandgap).
In addition to the mesoscopic measurements of the wavefield properties, as for the Ioffe-Regel criterion and the spatial intensity distribution function, we measure here the long-range coupling between the resonators themselves as a proxy for the modal density of the system 18 . The experimental set-up described below allows dense and three-dimensional sampling of the wavefield from the plate itself to the top of the beams, which is key for our analysis. Through this exhaustive dataset, we propose a novel matrix-based estimator of the modal density of such a system. Furthermore, we show direct agreement between the resonator motion and the wavefield properties inside the plate substrate, which casts new light on the strong coupling regime that can arise in locally resonant elastic metamaterials. In this twodimensional system, we obtain a clear physical meaning of the mesoscopic scattering regime based on the local coupling between coupled beam-like resonators.
A. Experimental set-up
The studied metasurface is a small portion of a thin aluminum plate (2 mm thick, 2 m long, 1 m wide). The experimental scheme is shown in Figure 1 . The plate has a peculiar boundary shape, to break its natural symmetries. A dense set of 98 beams that act as resonators are randomly glued onto the plate surface over an approximate area of 20 cm 2 , with a mean surface density of 0.5 beam/cm 2 . Each beam is 60-cm long and has a diameter of 6 mm. The frequency bandwidth considered in the experiment (1-8 kHz) limits the plate waves to the first symmetric and antisymmetric Lamb modes. Due to the plate thickness, most of the energy inside this frequency band propagates as an antisymmetric mode A 0 that is characterized by out-of-plane polarization. At around 2.5 kHz, the A 0 wavelength is 12 cm, with a wave speed of 300 m/s. The S 0 is a lot faster, with a wavelength of 2 m for a wave speed of 5000 m/s. The first antisymmetric A 0 Lamb wave mode is generated inside the plate using two piezoelectric 1-cmdiameter discs, one of which is located at the center of the beam cluster, and the other in the far-field of the metasurface area. A 3-s-long electrical chirp signal is applied to the piezo source with a frequency ramp starting at 1 kHz, and going up to 8 kHz. The wavefield is then recorded with a three-component laser vibrometer, and cross-correlated with the emitted signal, to provide a 500ms highly reverberated impulse response with an 80 dB signal-to-noise ratio.
The measurement platform that is used consists of three scanning laser vibrometers that can measure the three-component motion, which is mounted on a fiveaxis motorized robot. Through the motion of the robot, we define three scanning areas for which the wavefield is accurately sampled. The first zone concerns the plate in the metamaterial region, on the opposite side of the beam cluster (antisymmetric motion, with regard to the beam cluster side of the plate). The second zone is a free plate region distant from the metamaterial, and the last zone is the top of the beams. The final dataset gathers the exact position in the robot repository and the three components velocity field at each of the scanned points. Due to the expected drop in velocity, the metasurface region is spatially sampled with a 4-mm step size, while the base plate surface is scanned with an 8-mm step size, and the resonator motion with one point per beam. A control unit drives the robot and the laser, and generates and records the signals. Two dynamics can be clearly noted. On the one hand, the compressional motion with fast pressure waves traveling inside the beam is characterized by a low-qualityfactor resonance that spreads over a large frequency band (∼1.7-3.8 kHz). On the other hand, the flexural resonance has slow-traveling shear waves inside the beam, which is hallmark of a high-quality factor.
The first-order interpretation of the plate-plus-beam coupling has already been described in great detail (see 13, 15, 19, 20 ) . Briefly, the low-quality factor compressional motion ( fig. 2 a, red curve) of the beams opens the hybridization bandgap, as measured through the intensity transmission of the A 0 Lamb mode that is emitted from the source outside the metamaterial region, and is measured inside the beam cluster ( fig.2 b) with the out-of-plane component. Inside the bandgap, the beam cluster clamps the plate and acts as a perfect reflector, which allows only the transmission of evanescent waves with a specific attenuation length. In the latter part of the reverberated signal, after a few tens of milliseconds of propagation, the high-quality factor flexural resonances induce narrowband transmitted intensity peaks ( fig. 2 b, red arrows) that are mainly seen in the compressional resonance bandgap.
We then focus on the bandgap itself, between ∼1.7 kHz and 3.6 kHz. At each flexural resonance, waves can propagate inside the beam cluster. However, they do not have the same amplitude dynamics as propagative waves inside the passband. Indeed, as show in figure 2 c, d, when the pass-band dispersion effects are associated to the monopolar stress feedback from the beam to the plate, the bandgap leakage ( fig. 2b , red arrows) at flexural frequencies is due to the dipolar bending moment at the beamplate attachment. In both cases, out-of-plane polarized A 0 Lamb waves are generated, and are thus detected with the out-of-plane component of the laser vibrometer. In the following, we focus on the complex dispersion curve of the out-of-plane A 0 waves. 
C. Ioffe-Regel criterion of localization
The dispersion curve is experimentally obtained using a two-point correlation method. Through an averaging process performed over all of the set of receivers and a series of time windows in the coda of the reverberated signals, the two-point correlation function converges toward the effective Greens function of the propagation medium 20 . In the present case, the optimal model for the effective medium is that for the two-dimensional Greens function for A 0 waves in the plate, with the possibility that the effective wave vector will be complex. Figure 3a shows the real (blue) and imaginary (red) parts of the effective wavenumber that were extracted using the two-point correlation method. The real part (k) corresponds to the propagating wavenumber that is connected to the effective wavelength λ = 2π/ (k) in the medium. The imaginary part (k) corresponds to an attenuation length = 1/2 (k) that is classically described as the elastic mean free path in the framework of mesoscopic physics, where multiple scattering has important roles 11 . The first bandgap starts between ∼1.5 kHz and 2 kHz and ends just before 4 kHz. On the edge of the pass-band (i.e. ≥ 1.5 kHz), the wavelength becomes so small that the beams start to act as strong point-like scatterers. This results in an increase in the imaginary part of the wave vector in the effective Greens function. Inside the stopband, the real and imaginary parts are of the same order of magnitude, as predicted by Williams et al. 19 . The waves are highly attenuated. When the frequency reaches a flexural resonance of the beams, a strong variation in the dispersion curve emerges that reflects the possibility for flexural-type beam excitation to propagate as out-of-plane waves out of the metamaterial area.
The product between the effective propagating wavenumber and the mean free path represents the Ioffe-Regle criterion of localization k ∼ 1, and it describes the relative weight between propagation and damping inside the metamaterial area ( fig. 3b ). We observe that k 1 in the passband where attenuation is negligible. On the other hand, k strongly decreases in the bandgap, which indicates the strong damping of out-of-plane waves in the metamaterial. We observe that k can reach values of ≤ 1 within the frequency bandgap, which means that the wave is scattered on a distance less than or equal to one wavelength. In particular, at the flexural resonances, k 0.5 is the first sign of potential localized states in the metamaterial region.
Like in Laurent 7 , we can evaluate the localization length ζ from the real and imaginary parts of the wavenumber. We obtain 1 cm at 2205 Hz, 1.3 cm at 2750 Hz, and 1.6 cm at 3350 Hz, which correspond to the lowest distances between the beams. These three distances are also much smaller than the size of the sample (L∼20 cm), which means that localized modes can appear clearly at the frequencies within the random beam configuration.
D. Intensity distribution
Localized states are associated with exotic spatial field patterns at the scatterer scale. According to what has been seen before, the waves are scattered at the wavelength scale at the flexural resonances of the beams, and the randomness of the beam distribution starts then to dictate how the intensity of the wavefield spreads spatially.
Looking at the space and time distribution of the intensity is another way to detect localized states. For transmission through a disordered waveguide, the normalized intensity distribution can be described by Equations (1) and (2) 2,5,21 :
with
where g is the dimensionless conductance that describes the strength of interference effects, and u is the dimensionless intensity ratio, whereby u = I/ I . If g 1, the waves are diffuse over all of the sample. If g ∼ 1 the waves can be localized.
In our set-up, we investigate the distribution of the speckle intensity inside and outside the metamaterial region, and far from the plate boundary. We make the assumption of an ergodic dynamical system. For a 15ms sliding time window, we compute the ratio I/ I at each frequency, and we gather the intensity ratio over the whole set of time windows in the coda and receiver positions inside the metasurface. The intensity distribution is plotted in figure 4b, c, both outside and inside the metasurface, for two frequencies that belong to the first bandgap. Deviation in the curve shape from the Rayleigh-like free-plate behavior is clearly seen close to the flexural resonance, at around 2200 Hz.
The intensity distribution can be fitted to a theory according to the conductance g (Eqs. (1), (2)), as shown in figure 4b, c. Instead of the conductance g, we prefer to plot the resistivity of 1/g in figure 4a for the speckle intensity patterns captured both inside and outside the beam cluster. The color bar represents a normalized version of the in-plane average motion at the top of the beams, which is expected to reach a maximum at each flexural resonance. This confirms that the resistivity gets stronger when the beams are excited in their transverse motion at flexural resonances inside the bandgap.
Indeed, the out-of-plane A 0 -like plate motion inside the bandgap is prevented by the beam anti-resonance compressional motion that blocks the propagating plate wave outside the metamaterial. However, this condition is no longer true for local bending motions at each beamplate attachment. As such, blocking the out-of-plane motion does not prevent a bending moment at the bottom of the beams ( fig. 2b ), which becomes overriding at a flexural resonance. We note that this local coupling appears to decrease along the bandgap, with the resistivity parameter 1/g slowly decreasing from one flexural motion to the other (e.g., see fig. 4a , for the three peaks of the resistivity parameter between 1.7 kHz and 3.7 kHz). Indeed, as shown in figure 2b , the coupling with the flexural motion of the beams is through the bending moment of the plate, which is proportional to the square of the effective wavenumber, and which slowly decreases from 2 kHz to 4 kHz along the bandgap (fig. 3a) .
Finally, we observe that the flexural resonance inside the passband (fig. 4a, at ∼ 1.3 kHz) does not reveal such behavior. Indeed, whereas A 0 waves in the pass-band can still travel inside the metamaterial area, the beams only communicate through tight-binding mechanisms associated with evanescent waves in the bandgap 22 .
E. Visualization and robustness of the localized modes
Localized states should be robust in terms of the boundary conditions. Here, rather than changing the size of the metamaterial region, as did , we first visually check the robustness of the mode with the source located inside the metamaterial. If the waves are trapped by a localized state, the spatial representation of the intensity in the late part of the reverberating coda should be independent of the recorded time window. Moreover, the energy should be located around the source position (which is located in the middle of the sample), and spread over a small distance (i.e., localization length of ∼1.2 cm, as estimated above). Figure 5 shows the intensity inside the metamaterial as one color map that has the beam position and their corresponding flexural intensity motion superimposed as another color map. We used a 0.4-s time window, and started after 0.1 s of propagation for this analysis. Around the three frequencies that correspond to the minimum conductance inside the bandgap ( fig. 4a, red crosses) , the intensity is strictly located inside the metamaterial region without any interaction with its boundary, and thus with no leakage into the plate, as shown in figure 5a-c. For a frequency next to the first flexural resonance inside the bandgap ( fig. 5d ), we observe leakage outside the metamaterial. Moreover, as expected through the resistivity 1/g ( fig. 4) , the spatial spreading of the three localized modes ( fig. 5a-c) visually increases along the bandgap, in agreement with the effective wavelength (see fig. 3a ).
Another way to quantify the existence of localized modes associated with tight-binding coupling is to investigate the correlation between the beam group motion inside the bandgap. As indicated above, if the beams are distant from each other, they cannot transmit waves one to the other, as the plate is clamped by the collective beam behavior in the bandgap over the metamaterial re-FIG. 5. Normalized intensity maps of the late coda of the signals measured for the source located inside the metamaterial. The horizontal (x-y) beam motion Ib is plotted with the white-to-black color map, and the out-of-plane (z) plate motion Ip is plotted with the green-to-yellow color map. (a-c) The three maxima of the resistivity 1/g (shown in Fig. 4a as red crosses, and in Fig. 6a as red arrows). and panel (d) The close frequency of the first maximum where the intensity is leaking outside of the metamaterial area (Fig. 6a , black arrow).
gion. However, when the beams get close to each other, they start to exchange their energy through evanescent waves. One way to evaluate this short-distance correlation is through a cross-spectral matrix, which is computed with the three components of the 98 beams that form the metamaterial. This correlation is defined as given in Equation (3):
where q i is the three components (v x , v y , v z ) of the beams, and indicates the complex conjugate. Such a correlations matrix is Hermitian, with 98 × 3 = 294 lines and columns. We built the average cross-spectral density matrix (CSDM) as for the two-point correlation method, on an overall average over several realizations of the wavefield, as associated with different time windows of the highly reverberated signals. The selected time windows need to be sufficiently long to include waves that travel over the whole set of beams, from bottom to top, and from top to bottom. As the flexural waves in the beams are much slower than the compressional waves, a 75-ms time window is chosen, which leads to an ensemble average of over 20 realizations.
If the beam motions are completely independent one from the other, the maximum number of accessible states is reached for the system. If coupling between beams appears, the eigenvalue distribution of the CSDM is affected according to 4, 23 . The eigenvalue distribution, which is also known as Shannon entropy, reflects the quantity of information a system can hold; namely, the modal density. This can be quantified at each frequency with the Shannon entropy S defined as in Equation (4):
whereλ i is the i-th trace-normalized eigenvalue of the CSDM 24 . When S drops, the waves lose some degrees of freedom in terms of their propagation. Here, because of the wavefield equipartition, a frequency variation in the eigenvalue distribution is due to a variation in the modal density of the system itself 23 . Figure 6a shows the frequency-dependent Shannon entropy for our metamaterial. Once the studied frequency reaches the bandgap (i.e., fig. 6a , after 1.7 kHz), we only measure the noise at the top of the beams. Indeed, there is no energy on average inside the metamaterial, as depicted in figure 6d . The beams are static and the residual noise is fully incoherent, which corresponds to the maximum available entropy for the given number of realizations. At the flexural resonances, the curve of figure 6a can be seen to have gaps, which reach values below those in the passband (i.e., before 1.7 kHz). The modal density is then lower near the flexural resonant frequencies than in the free plate, which confirms the presence of localized modes. Note that the three entropy drops related to the three flexural resonances inside the bandgap ( fig. 6 , red arrows 1-3) correspond to the field patterns in figure 5a-c (respectively).
To be sure that these drops come with specific and robust modal shapes, we use a correlation criterion [25] [26] [27] . Around each flexural resonant frequency, we look at the modal shape correlation between neighboring frequencies. In the frequency domain, this is equivalent to a scalar product on the eigenvectors that are obtained through the singular value decomposition of the CSDM. In figure 6a , we represent the acos value of the scalar product (which indicates the angle between the two vectors i and j; θ ij ) between the first eigenvector V 1 (ω) computed at each frequency from 1.5 kHz to 4.5 kHz. We can see that around each flexural resonance, the off-diagonal terms of the computed matrix confirm the correlation between specific modes at different frequencies, which is clearly highlighted in the magnification of the first flexural resonance from figure 6b that is shown in figure 6c . Other groups of modes appear, but not all of them are related to localized states inside the metamaterial. For example, in figure 6c , the black arrow indicated as 4 refers to the intensity field of figure 5d , where leakage to the free-plate medium was clearly observed.
F. Discussion
Using the computed matrix θ ij , we estimate the modal density of the system as the mode separation ∆ω (i.e., distance between elements along the diagonal) and their respective spectral width δω (i.e., thickness of the diagonal). The Thouless criterion is expressed as δω/∆ω, and correspond to the conductance of the system. In figure  6c , five modes appear between 2100 Hz and 2300 Hz, with a distance between them that is twice that of their respective spectral widths. This means that as expected from the conductance analysis performed from plate measurements ( fig. 4 ), we find a conductance g ∼ 0.5 in this frequency band that is based on the resonator modal coupling analysis.
In theory, there is no mobility edge for two-dimensional systems 3 , and to get a clear signature of a localized state, we only need a localization length that is a lot shorter than L of the sample. It might be asked why this appears here in particular, at the flexural resonances inside the bandgap, and not somewhere else. Two reasons might be invoked here. First, the modal density of a randomly distributed locally resonant metamaterial shows strong fluctuations near the passband edges, which correspond here to the transmitted bands (due to the flexural resonances) inside the main bandgap 28 . Secondly, as specified by 29 , the effects of randomness are perceived differently according to the wave polarization. In particular, the in-plane motion in the study thereof highlights more sensitivity to randomness (i.e., equivalent to the beam flexural motion here) than to the out-of-plane motion (i.e., equivalent to the beam compressional motion). This makes sense with the present study: on the band edge of each flexural resonance inside the bandgap, the randomness of the metamaterial distribution is strongly enhanced, which produces the appearance of a localized state inside the metamaterial.
At some point, the mesoscopic response of the wavefield around these localized modes is only driven by the random spatial distribution of the beams attached to the plate. The Ioffe-Regel criterion value of 0.5 for the three localized modes highlighted in this experiment suggests a diffusion regime where a propagating wave is scattered on half of a wavelength. This makes sense with the dipolar diffusion process of one beam around its flexural resonance ( fig. 2c ). Inside the bandgap, the beam bases that are attached to the plate cannot move vertically, but can rotate, which is indeed possible every half wavelength.
Conclusion
In conclusion, we have linked the appearance of localized states to the multi-wave interactions of nearby beams that act as coupled resonators for the plate-plusbeam metasurface. Inside the large main bandgap that is due to the low-quality factor compressional motion of the beams, high-quality factor flexural resonances of the beams make localized modes appear. For frequencies that correspond to the three different flexural resonances inside the main bandgap, the value k ∼1 of the effective medium is in agreement with low conductance values (g ¡1) computed from the wavefield intensity pattern. At these frequencies, the flexural beam motion matches the out-of-plane plate wavefield, which confirms that the neighboring beams transmit energy through evanescent waves. The localization length then appears to be directly related to the effective wavelength inside the main bandgap. We also analyzed the modal density of the system through eigenvalue decomposition of the CSDM computed from the beam motion, which shows that localized modes are robust with respect to frequency. This study highlights the tight-binding coupling prevailing between the beams through the evanescent field that exists in a bandgap with a deficit of wave states.
